We analyze the operation of melting probes as a Stefan problem for the liquid/solid interface surrounding the probe. We assume that the liquid layer is thin and, therefore, amenable to analysis by lubrication theory. The resulting Stefan problem is solvable in closed form. The solution determines the dependence of the penetration speed on the temperature differential between the probe and the surrounding ice, the size, shape and weight of the probe, the viscosity of liquid water and the thermal properties of solid ice.
Introduction
Melting probes are hot probes that melt the surrounding ice and descend through it under the action of gravity. The probe carries its own heat source and can operate automatically in the absence of controls. The idea to use melting probes for exploring the subsurface layers of planetary ice sheets goes back, at least, to the pioneering work of Karl Philberth [1] , who constructed such probes and performed field tests in Greenland. Since then, a number of programs and studies have developed the concept further, cf. [2] for a literature review. The use of melting probes for penetrating thick icy layers is particulary appealing in places where conventional drilling is infeasible, e. g., in extraterrestrial icy habitats on Mars and on the moons Europa, Enceladus and Titan, cf., e. g., [3, 4, 5, 6, 7] , or in isolated terrestrial cryoenvironments, such as permafrost cryopegs and subglacial ecosystems, cf., e. g., [8] .
The conventional analysis of melting probes is based on thermal analysis and balance of energy. Typically, three processes are considered in the analysis [9] : i) heating of the ice surrounding the probe to its melting temperature; ii) melting the solid ice to liquid water; and iii) conductive and radiative losses. The power required for the first two processes can be estimated simply in terms of the heat capacity of ice and the latent heat of melting. The determination of conductive losses requires the solution of a transient or steady-state heat conduction problem for the exterior domain of the probe. The speed of descent of the probe is then estimated through a balance of energy between heat supply and the latent heat required to melt the ice. However, in a more comprehensive description of the process the speed of descent results from a competition between gravity, which pushes the probe down, viscous dissipation in the liquid layer that surrounds the probe, latent heat and radiative losses. The conventional thermal analysis thus neglects potentially important parameters such as the weight of the probe and the viscosity of liquid water.
In the present work, we analyze the penetration of melting probes as a Stefan problem for the liquid/solid interface surrounding the probe. We start with an analysis the temperature field of a moving probe. The liquid layer around the probe is assumed to be thin and, therefore, amenable to analysis by lubrication theory. The resulting Stefan problem is solvable in closed form within the lubrication theory approximation. The solution determines the dependence of the penetration speed on the temperature differential between the probe and the surrounding ice, the size, shape and weight of the probe, the viscosity of liquid water and the thermal properties of solid ice.
Supporting experiments
We begin by demonstrating the melting probe concept by means of a simple supporting experiment. The setup consists of a water ice block in a container of size 0.5 × 0.5 × 1 m, Fig. 1 (left) . The walls of the container are made of transparent PMMA plates, which allows the evaluation of the ice quality, and are affixed to a steel frame. The box is filled with water and cooled down slowly to −18 • C in order to obtain an ice block of good quality, i. e., without layers or large bubbles. Once frozen, the block is insolated with polystyrene panels. The probe is spherical of outer diameter 80 mm, is made of an aluminum (AlCuMgPb) alloy with high thermal conductivity and has a weight W = 7.24 N. The probe surface is treated by milling, drilling, scrubbing and a final surface polishing to achieve a smooth appearance. The probe consists of two identical halves, Fig. 1 (middle and right), and carries five heat cartridges. The cartridges are cylindrical (of size 10 mm × 50 mm) and supply a maximum nominal power of 180 W each. They are connected to an external electric circuit that controls the power supply. In the experiment the hot probe is positioned on the top of the ice block. Driven by its own weight, it then moves through the ice, Fig. 2 . In order to avoid friction with the electrical cord, the water is evacuated as is melts.
We estimate the heat supply requirements by a simple energy balance
where T ∞ = −18 • C is the ice temperature, T m = 0 • C is the melting temperature, c ice = c p is the heat capacity per unit volume of ice with mass density , L is the latent heat of melting per unit volume and Vol is the total volume of ice to melt. Reference values of these and related properties are collected in required power supply is estimated asQ = 900W. We thus verify that the heating cartridges located in the probe indeed have ample capacity to supply the requisite power over the duration of the experiment. Experiments were performed at two different power levels,Q = 250 W andQ = 1, 000 W. Fig. 3 shows the penetration depth as a function of time for the two cases. As may be seen from the figure, following an initial transient the penetration depth is a linear function of time, which is in turn indicative of a steady-state speed of descent. The measured speeds are: i) V = 6.9 mm/min forQ = 250 W; and ii) V = 23.9 mm/min forQ = 1, 000 W. These data correspond to the averaged values of [2] ; they suggest increasing power levels are required to sustain increasing speeds of descent. The simple supporting experiment demonstrates the operation of melting probes and suggests a steady state of constant speed of descent of the probe as well as a dependence of the power supply on the speed. A number of other relations, such as the dependence of the power supply and speed of descent on the size and shape of the probe and on material properties such heat capacity, latent heat, thermal conductivity and viscosity remain to be elucidated. The analysis that follows is aimed at addressing these questions.
Thermal analysis
We begin by determining the dependence of the radiated heat rate on the sinking speed. We assume that the probe is surrounded by a layer of liquid water of thickness much smaller than the dimensions of the probe. In addition, the interface between the liquid layer and the surrounding solid ice is at the melting temperature T m . Under these assumptions, the temperature field T(x, t) in the solid ice is determined by the problem
where t denotes time, ∆ is the Laplacian operator, Ω(t) is the domain occupied by the solid ice at time t, Γ(t) is the boundary of Ω(t) and the interface between the probe and solid ice, c is the heat capacity per unit volume of ice, κ is the thermal conductivity of ice, T m is the melting temperature of ice and T ∞ is the background ice temperature. For simplicity, we take all material properties to be constant. We further assume a steady state wherein the probe descends through the solid ice at constant speed V. To facilitate analysis of this steady state, we introduce a reference frame moving with the probe. In this moving frame, the governing equations become
where Ω is the exterior domain of the probe in an infinite body of ice, Γ is its boundary and x 3 is the direction of descent.
Spherical probe
The case of a spherical probe, such as used in the supporting experiments reported in Section 2, can conveniently be solved analytically in closed form. In this case, Ω = {r ≥ a} and Γ = {r = a}, where r is the radial distance to the origin and a is the radius of the probe. Introducing spherical coordinates
and the change of variables
eq. (3a) becomes
where λ = cV 2κ (7) is a normalized speed of descent. Introducing the representatioñ
eq. (6) further separates into the ordinary differential equations
with n ≥ 0. The solutions of these equations are R n (r) = A n i n (λr) + B n k n (λr),
where i n (x) and k n (x) are the modified spherical Bessel functions of the first and second kind and P n (x), Q n (x) are the Legendre polynomials of the first and second kind, reqectively. Boundedness at r → +∞ requires A n = 0, whereas boundedness at θ = ±π/2 requires D n = 0. Under these conditions, the general solution takes the form
T n k n (λr)P n (cos θ).
At the boundary r = a, we must havẽ
By the orthogonality of the Legendre polynomials, we have
An appeal to Rodrigues representation,
further gives
Integrating by parts n times, we obtain
which evaluates to
where 0F1 (a, z) is the regularized hypergeometric function 0 F 1 (a, z)/Γ(a) and Γ(z) is the Euler gamma function. The corresponding heat flux into the solid ice at r = a is
which coincides with the Dirichlet-to-Neumann map for the exterior of the spherical domain specialized to a constant surface temperature T m . We expect the temperature far-field to tend asymptotically to that of a point heat source moving through the solid ice at the speed of the probe. We recall that the steady-state solution for a moving point heat source is [12] 
with λ as in (7) and C > 0 quantifying the strength of the source. A straightforward calculation shows that (19) indeed satisfies (3a). We determine C by matching (19) asymptotically to the full solution (5) and (11) . To leading order as r → +∞, we have
with
whereupon (20) evaluates to
Matching constants between (19) and (22), we find
which fully characterizes the temperature far-field. We may now compute the total rate of heat radiated from the probe aṡ which, in view of (23), evaluates toQ
This identity supplies the sought relation between the speed of descent V and the radiated heat rateQ ∞ from the probe, Fig. 5 . We note that the radiated heat rate increases with increasing speed of descent V, the dependence being approximately linear for large V,Q
We also see from this expression that, in the large V regime the radiated heat rate scales with the square of the probe radius. For the supporting experiment, with T m − T ∞ = 18 K and a spherical probe of radius a = 4 cm and a velocity of V = 7 mm/min, the radiated evaluates toQ ∞ = 88 W, or about 1 /3 of the actual power supply. This gap suggests the operation of dissipation mechanisms other than radiative losses. We investigate one possible such mechanism, viscous dissipation in the liquid layer, next. We analyze the effect of the layer of liquid water surrounding the probe by recourse to a lubrication approximation, Fig. 6 . To this end, we introduce a system of cylindrical coordinates {ρ, θ, z} aligned with the axis of descent. We further assume cylindrical symmetry and describe the boundary Γ of the probe by means parametric equations ρ(s) and z(s) in terms of the arc length s measured from the axis. The unit tangent and outward normals are
Lubrication analysis of the Stefan problem
where the prime denotes the derivative with respect to the arc-length s. In this parametrization, we have the identity
We assume throughout steady state conditions. We note that the geometry of the liquid/solid interface, or, equivalently, the thickness of the liquid layer, is not known a priori and is an outcome of the analysis, in the spirit of Stefan problems. The main objective of the analysis is to determine the extent of viscous dissipation in the liquid layer as a function of the speed of descent.
Mass conservation
Conservation of mass in a control volume dV = ρh dθ ds coincident with the liquid layer gives
where v(s) is the mean velocity within the liquid layer and h(s) is its thickness. Simplifying, we obtain the relation
With s measured from the axis, integration with respect to s gives
whence the mean velocity of the liquid water follows as
Weight-drag equilibrium
The descent of the melting probe is driven by gravity. We assume static equilibrium between the weight W of the probe, its buoyancy gΩ and the total drag force F d resulting from the viscosity of the fluid layer, i. e.,
where g is the mass density of water, Ω is the henceforth volume displaced by the probe and we assume that the probe is heavier than water. In requiring this equilibrium, we implicitly regard point-load reactions, such as would occur at a point-contact between the bottom of the probe and the ice, as unphysical. The total drag force on the probe is
where τ(s) is the shear stress on the probe and the integral is effected over a probe meridian. Further assuming a linear velocity profile within the fluid layer, corresponding to local Couette flow, and using (27), eq. (34) becomes
Finally, inserting (32) we obtain
which scales linearly with the speed of descent for fixed fluid layer thickness.
Viscous dissipation
Assuming again local Couette flow, the total dissipation evaluates to
Alternatively, inserting relation (32) we obtain
which, as expected, scales with the square of the speed of descent for fixed fluid layer thickness.
Optimal fluid layer profile
It remains to determine the fluid layer profile h(s). We note that h(s) defines the configuration of the fluid layer and, therefore, it may be expected to be the result of configurational equilibrium. Specifically, we assume that h(s) accommodates itself so as to minimize the total viscous dissipation (38) subject to the equilibrium constraint (34). Enforcing this constraint by means of a Lagrange multiplier µ, we obtain the Lagrangian,
Stationary of S with respect to h(s) gives
which, inserted into (36), gives
defining an effective probe size. The equilibrium condition (33) then determines the Lagrange multiplier as
whence (40) and (38) become
and
respectively. For a spherical probe of radius a, we have
with s measured from the bottom of the probe, and
which, inserted into (48) and (45), fully determines the fluid layer thickness and the viscous dissipation, respectively. We note, in particular that the fluid layer thickness evaluates to
i. e., the fluid layer around a spherical probe is of uniform thickness to within the accuracy of the analysis. The dependence of the liquid layer thickness on the speed of descent for the conditions of the supporting experiment are shown in Fig. 7 . In all cases, the thickness of the layer is exceedingly small, which justifies a posteriori the lubrication approximation adopted in the analysis. As may be seen from the figure, the thickness increases with speed and decreases with the weight of the probe.
We note that, in (48) and (45), the velocity of descent V is itself a function of the reduced weight W − gΩ and other factors. This dependence is determined subsequently by recourse to energy balance.
Speed of descent
We assume that the speed of descent of the probe is the result of a balance between heat supply, radiative heat losses, viscous dissipation, latent heat and gravity in a control volume coincident with the liquid layer. From the previous analyses, this balance of energy takes the expressioṅ
whereQ 0 is the power supply, W is the weight of the probe, is the mass density of ice, g is the acceleration of gravity, Ω is the volume of the probe, V is the speed of descent, D is the viscous dissipation,Q ∞ (V) is the radiated heat rate, L is the latent heat rate per unit volume required to melt the solid ice and A is the crosssectional area of the probe. Equation (49) supplies an equation that can be solved for the velocity of descent V. Equation (49) simply requires that the power supplied by the probe and the gravitational power be exactly spent on viscous dissipation, radiation losses and latent heat of melting. We note that, although the liquid water refreezes behind the probe, we assume that the latent heat of melting is not recovered by the liquid layer. This assumption is justified in view of the larger thermal conductivity of ice compared to that of water, cf. Table 1 . Under these conditions, most of the recovered latent heat behind the probe leaks into the ice and does not contribute to the balance of energy of the liquid layer. For a spherical probe, using (7) , (45) and (25, eq. (49) specializes tȯ
with as in (47) and Ω = 4πa 3 /3, to be solved for V. For water ice, the viscosity is relatively low and the radiative losses dominate in general. For example, for the values in Table 1 and the conditions of the supporting experiment, we have: i) 4πa 2 c(T m − T ∞ ) ∼ 7.4 × 10 5 N, and ii) AL ∼ 16.8 × 10 5 N, which overwhelm the remaining terms. The dependence of the resulting speed of descent on power supply is shown in Fig. 8 . Also shown in the figure are two corresponding measured data points. Despite the paucity of experimental data, the agreement between theory and experiment is remarkable.
Concluding remarks
In summary, an energy-balance argument determines the speed of descent to be the result of: i) The power supplied by the probe; ii) the buoyancy and weight of the probe; iii) viscous dissipation in the liquid layer surrounding the probe; iv) radiative heat losses, and v) latent heat of solid ice. The present analysis differs from the conventional model based on latent heat in that it additionally accounts for radiation losses, the effect of the viscous layer of liquid water surrounding the probe and the weight of the probe. In particular, the thickness of the liquid layer is unknown at the outset and its determination is part of the analysis, in the spirit of Stefan problems. Remarkably, due to the thinness of the liquid layer the Stefan problem can be solved analytically by recourse to a lubrication approximation. For water ice, the viscosity correction is small and radiative losses and latent heat dominate. The agreement between the velocity of descent predicted by the theory as a function of power supply and experimental measurements is quite remarkable and provides a modicum of validation of the theory.
